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Abstract

This paper presents a new procedure to estimate the diffusion tensor from a sequence of
diffusion-weighted images. The first step of this procedure consists of the correction of
the distortions usually induced by eddy-current related to the large diffusion-sensitizing
gradients. This correction algorithm relies on the maximization of mutual information to
estimate the three parameters of a geometric distortion model inferred from the acquisition
principle. The second step of the procedure amounts to replacing the standard least squares
based approach by the Geman-McLure M-estimator, in order to reduce outlier related arte-
facts. Several experiments prove that the whole procedure highly improves the quality of
the final diffusion maps.
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1 Introduction

There is currently considerable interest in the use of MRI for imaging the apparent
diffusion of water in biological tissues [25]. The physical process underlying this
diffusion is the random walk motion of the molecules in a fluid: due to thermal
agitation, the molecules are constantly moving and colliding with neighbors. When
the fluid is embedded into the complex geometry of biological tissue, however, the
collisions with cell membranes and macromolecules and the restriction to various
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compartments highly influence this process. Hence, by probing the microscopic
motion of tissular water, diffusion-weighted imaging provides a unique in vivo tool
for studying the structure of biological tissue. In particular, this imaging modality
gives access to various information about the brain microstructures that could be
used to improve the interpretation of functional imaging studies.

Diffusion-weighted MRI relies on a phenomenon that could have been considered
as a technical problem only. When protons are placed into a static magnetic field
(B0), they begin to precess (ie, their magnetic vector rotates around B0). A key
point underlying MRI is the linear relationship between the local field strength
and the frequency of the proton precession motion, which is the frequency of the
signal produced in the receiving antenna. Adding a gradient to B0 encodes the
spin localization into this frequency, which leads to images after Fourier transform.
Without special preparation, the protons (spins) precessing in a static magnetic field
(B0) do not produce signal in the receiving antenna (in x-y plane) because of lack of
coherence between the individual precessions (they are all out of phase and hence
have no net transverse component). By applying a 90 degree radio-frequency (RF)
pulse, the frequency of which matches the frequency of precession of protons, the
spins can be made to be in phase and have a net transverse component, producing
signal in an antenna. After the 90 degree RF pulse the spins will again go out of
phase, mainly because of the effect of external field inhomogeneities. For static
spins, the dephasing caused by external field inhomogeneities can be eliminated
with a 180 degree pulse leading to what is called a spin echo. This is not possible
for spins undergoing diffusion because they are not static (their position fluctuates
randomly because of the random character of the thermal spin motion). The result
is diffusion-related signal attenuation.

While with standard MR sequences, the diffusion-related signal attenuation is neg-
ligible, diffusion imaging sequences increase this effect with the addition of two
strong diffusion sensitizing gradient pulses [41]. These additional gradients in-
crease the attenuation of the signal produced by the spins that move along the
gradient direction. Within a simple isotropic medium like a glass of water, the at-
tenuation is related to an exponential of the medium property called the diffusion
coefficient 
 (the standard coefficient of Fick’s law). By using, for instance, an im-
age without diffusion weighting and one diffusion-weighted image, we can calcu-
late a D value for each voxel. As a consequence of their spatial structure, however,
many substances and biological tissues exhibit anisotropic diffusion behavior: the
computed diffusion coefficient depends on the direction of the sensitizing gradient.
Therefore, when anisotropy of the 3D diffusion process is of interest, for instance
for fiber bundle tracking [37], a symmetric diffusion tensor 
 has to be calculated
for each voxel from a series of diffusion-weighted volumes [6,5]. Each such vol-
ume is acquired with a different applied diffusion-sensitizing gradient [41]. These
gradients are applied in order to vary a symmetric matrix ��������������� that depends
on the gradient direction, strength and timing [31]. The diffusion-sensitizing gradi-
ent affects the signal intensity of any given voxel in a manner that can be described

2



by the linear equation:

����� �"!�#%$&�'��� �)(�#+*-,/.�.�!0.�.1*324,/.�54!6.�5�*324,/.�7�!6.�7 *-,/5054!65058*-24,/597:!6567;*�,<707�!67074=
(1)

where
�

denotes the signal of the selected voxel. When a sufficient number of different
!

matrices is used (related to at least six different gradient directions), the diffusion tensor
,

can be estimated. Such calculations are simple if each voxel in the different volumes
represents the same point in the anatomy of the subject, but can be impractical if dif-
ferent volumes of the series are distorted relative to each other. Diffusion-weighted
images, however, are often acquired using Echo-Planar Imaging (EPI), to reduce
acquisition time and artefacts related to physiological motions. Unfortunately, this
fast acquisition scheme is highly sensitive to eddy currents induced by the large
diffusion gradients [18]. These eddy currents can cause significant distortions in
the phase-encoding direction where the image bandwidth is quite low (see Fig. 1).
Since the degree and nature of this artefact typically vary both with the strength
and orientation of the diffusion-sensitizing gradient, distortions can dramatically
change the estimated diffusion tensor.

The methods for reducing the effects of eddy currents may be divided into three
categories. The first one simply consists of modifications of the gradient sequences
[1]. This approach, however, seems insufficient to get completely rid of artefacts. A
second family of approaches, which rely deeply on MR physics, require additional
experimental data [23,21]. Since the eddy-current distortions do not rely on the
subject’s head geometry, these cumbersome additional acquisitions can be done on
phantoms only during a calibration operation. Unfortunately, the obtained correc-
tion scheme has to be updated on a regular basis because of some slow variations
of the magnet [9].

The last kind of approaches are purely retrospective and can be considered as reg-
istration methods. They use a distortion geometric model inferred from the acquisi-
tion principle, which leads to estimate a few parameters using a standard similarity
measure like cross-correlation [18,13,10]. Such simple similarity measures, how-
ever, are not sufficient to perfectly take into account the complex dependencies
embedded in equation 1 [9]. In this paper we propose to estimate the few param-
eters of the distortion geometric model using the mutual information as similarity
measure in order to achieve a more robust correction scheme [26,44].

It should be understood that EPI imaging leads to another kind of distortions in-
duced by susceptibility artefacts [22] that is not addressed in this paper because it
is not dependent on the diffusion gradient. These distortions are non linear and de-
pend on the subject’s head geometry. They have to be corrected to relate functional
MRI experiments performed with EPI with standard high resolution anatomical im-
ages. Several registration schemes have been proposed for this purpose using either
a free deformation model with a high number of parameters [19], or a more con-
strained model taking into account a priori knowledge about the main distortion
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13mT/m (-1,1,0) 22mT/m (-1,1,0)no gradient

Fig. 1. Example of eddy-current related distortions (8mm in the worst case) for two different
diffusion sensitizing gradient magnitudes.

direction and a difference of squares based similarity measure [24].

This paper proposes a second improvement of the standard calculation of the dif-
fusion tensor 
 . The linearity of Eq. 1 usually leads to a least squares based re-
gression method [5]. This approach, however, is not robust to the various kinds
of noises that can be observed in diffusion-weighted data [11,7,40,2]. Non Gaus-
sian noise can stem for instance from physiological motions (brain beat), subject
motions [3,14] or residual distortions. While careful acquisition schemes including
cardiac gating [16] and navigator echo [12,14] may reduce some of these problems,
some weaknesses of the tensor diffusion model lead to other regression problems:
each voxel includes several water compartments endowed with different diffusion
processes that are mixed up in the data [15]. Furthermore, the choice of the gradient
directions used by the MR sequence can lead to very different estimation situations
[33]. Sophisticated restoration schemes dedicated to diffusion-weighted data are
bound to be developed in the future to improve the situation using for instance
anisotropic smoothing [34]. In our opinion, however, these restoration methods can
not be perfect because of the poor quality of the raw data. Hence, in order to over-
come the influence of outliers on the tensor estimation, we propose the use of a
standard robust M-estimator [32]. A comparison of the behaviour of both regres-
sion methods in the presence of various levels of corrupted data proves the interest
of the robust approach. An earlier shorter version of this paper was published in the
MICCAI proceedings [29].

2 Distortion correction

In the following, echo-planar diffusion-weighted images were acquired in the axial
plane. Blocks of eight contiguous slices were acquired each 2.8mm thick. Seven
blocks were acquired covering the entire brain corresponding to 56 slice locations.
For each slice location 31 images were acquired; a T2-weighted image with no dif-
fusion sensitization followed by 5 diffusion sensitized sets (b values linearly incre-
mented to a maximum value of >@?A?B?C���D���3� ) in each of 6 non-colinear directions.
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translation shearstretch

Fig. 2. The simple geometric model of eddy-current related distortions

In order to improve the signal to noise ratio this was repeated 4 times, providing
124 images per slice location. The image resolution was 128 x 128, field of viewEDFCG �IH E�FCG � , JLKNMPO FRQSF �3� , JLTUM EVQXW �
For each slice, each acquisition is aligned with the first image of the series, which
is the standard T2-weighted image without diffusion sensitization. This alignment
is done one acquisition at a time, like for fMRI motion correction procedures. For
convenience we use the notation that the image is in the XY plane, and the phase-
encoding direction lies along Y. Simple considerations about MR physics lead to
the following distortion model [18]:

Y A residual gradient in the slice-encoding direction Z produces uniform transla-
tion along Y;Y A residual gradient in the frequency-encoding direction X produces a shear par-
allel to Y (a translation linearly related to X);Y A residual gradient in the phase-encoding direction Y produces a uniform scaling
in Y direction.

Hence, the geometric model (see Fig. 2) can be written for each column Z as:

[]\ M_^ [a` Jcb ` J%deZgf (2)

which amounts to a simple slice dependent affine transformation ( ^ is the scale
factor, Jhb a global translation, and Jid a shear). An additional global multiplicative
correction by dj has to be applied to the slice intensities, which is done after esti-
mation of ��^kf9Jhb@f9J%d6� . This last correction stems from an energy conservation based
MR principle.

In order to estimate the affine transformation, which brings a diffusion-weighted
slice into spatial alignment with the standard T2-weighted slice, a similarity mea-
sure taking into account the complex dependence between intensities embedded in
Eq.1 has to be chosen. The purpose of this similarity measure is to return a value
indicating how well the two slices match given a certain transformation [27,20].
Ideally, by maximizing this similarity measure one should find the affine trans-
formation that registers the slices. The optimal transformation, however, usually
depends on the chosen similarity measure and on the implementation of its opti-
mization. The cross-correlation measure performs poorly on this problem [8] be-
cause the hypothesis of a linear relationship between the T2-weighted intensities
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Fig. 3. Orthogonal slices of the mutual information crossing at the global maximum.

and the diffusion-weighted ones is not verified (otherwise, diffusion imaging would
be much less interesting). Furthermore, an isoset in the T2-weighted slice may cor-
respond to a large range of values in the diffusion-weighted slice. This T2-based
isoset, indeed, hides the large variability of the underlying diffusion tensors. Hence,
the functional dependence assumed by the similarity measures based on weighted
sums of isoset variances is not verified too [45,39].

Therefore, we have chosen to rely on the mutual information, which is a measure
originating from information theory assuming the least about intensity dependence
[26,44]. The underlying concept is entropy. The entropy of an image can be thought
of as a measure of dispersion in the distribution of the image gray values. Given two
images A and B, the definition of the mutual information MI(A,B) of these images
is: MI(A,B) = E(A) + E(B) - E(A,B) with E(A) and E(B) the entropies of the im-
ages A and B, respectively, and E(A,B) their joint entropy. The joint entropy E(A,B)
measures the dispersion of the joint probability distribution p(a,b): the probability
of the occurrence of gray value a in image A and gray value b in image B (at the
same position), for all a and b in the overlapping part of A and B. The joint probabil-
ity distribution should have fewer and sharper peaks when the images are matched
than for any case of misalignment. Therefore maximization of mutual information
should correspond to the optimal affine transformation �l^�m)n�opf9J m)n�ob f9J m)n�od � .
Since the two images to be aligned are 128x128 slices to be compared to the usual
3D situation, a Parzen window is used to get a robust estimation of the joint inten-
sity distribution. This Parzen window is a truncated Gaussian kernel sufficient to
smooth the joint histogram. This approach turned out to be crucial to prevent the
maximization algorithm to be trapped in MI local maxima. Hence, estimation of
MI ��^kf9Jcb4f9J%d9� consists of a linear resampling of the image to be aligned according
to Eq. 2, followed by the application of the Parzen window to the joint histogram.
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Then MI can be computed from:

MI ��^kf9Jcb@f9Jqd0� M
rts du
vxw)y b

rts du
vXz{y b}| ��~ o f{~��4�����A� | ��~ o f{~��4�

| ��~ o � | ��~l���
f

where � is the sampling of the joint probability distribution (in practice � M�BF
, because of the few samples leading to the joint histogram computation), ~ o the

intensity in the target image and ~�� the intensity in the image to be aligned. The
marginal probabilities | ��~ o � and | ��~l�4� are computed by row and column summation.

Since 123 realignments have to be performed for each slice of the volume, a fast
optimization scheme is required. Fortunately, the use of a Parzen window leads to
a rather smooth MI landscape around the global maximum (see Fig. 3). In some
cases, several maxima have been observed near the global one. In such situations,
however, we could not claim that the global maximum was a better solution than
the surrounding maxima. Hence, Powell algorithm has been used in the following
to maximize MI [38]. A multiresolution approach, however, may be used in the
future to get a more reliable selection of the optimal maximum [36]. For each new
image, the initial position is (1,0,0), namely the no distortion situation.

Thanks to the four repetitions embedded in our acquisition process, the accuracy
and the robustness of the correction process can be evaluated. A first experiment
consists of comparing the results obtained using mutual information with the results
obtained using another similarity measure: the correlation ratio [39]. This experi-
ment aims at evaluating whether the arguments about intensity dependence leading
to choose MI could be supported by some experimental results. While similarity
measures like the cross correlation assuming a linear dependence between intensi-
ties are clearly ill-adapted to our problem, it was interesting to test an intermediate
measure assuming a weaker relationship but less degrees of freedom than MI. Ro-
bustness, indeed, is usually obtained when strong a priori knowledge is embedded
in the similarity measure.

The correlation ratio is an asymmetrical similarity measure assuming a functional
dependence between both image intensities [39]. This measure, which has some
link with the inter-modality measure proposed in [45], requires that the reference
image be partitioned into a number of intensity isosets, namely broken up into
areas of similar intensity. Our local implementation relies on a partition of the T2-
weighted slice in 64 isosets corresponding to intensity ranges with equal length.
These areas are placed over the transformed diffusion-weighted slice. Then the
variance within each area is calculated and the similarity measure is defined from
a weighted sum of the variances. The correlation ratio assumes that each intensity
isoset in the reference image should correspond to a low dispersion intensity range
in the image to be aligned.

While both methods have given similar results, the variability across the four rep-
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Fig. 4. Comparison between mutual information and correlation ratio for one gradient
direction: (1,1,0). Reproducibility of the correction process across the four repetitions in
three gradient directions, (1,1,0), (1,0,1) and (0,1,1), with six different strengths.

target raw image correction

Fig. 5. Example of distortion correction

etitions was higher for the correlation ratio (see Fig. 4). This lower reproducibility
could be predicted since the functional relationship between the two slices assumed
by the correlation ratio is not verified. Therefore, this result tends to prove that mu-
tual information is more adapted to our problem.

In general, the correction was reproducible across the four repetitions (see Fig. 4).
The largest variability was observed for the translation parameter J+b , which can
be understood from the shape of MI landscape (see Fig. 3). MI isophotes, indeed,
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are rather cylindrical with a T0 oriented axis along which some local maxima can
be observed. An interesting result is the fact that the highest variability is obtained
for the three repetitions of the pure T2-weighted target (no sensitizing gradient)
for which ^NM�> , Jqd�M�? but Jcb��M�? . This observation tends to prove that eddy
currents have long term trends that corrupt several consecutive acquisitions. Finally,
the estimated distortions fit well with the physical interpretation mentioned above:
The xy and yz gradients induce a scaling, the xz and yz gradients induce a global
translation, and the xy and xz gradients induce a shearing.

3 Robust tensor estimation

The estimation of the diffusion tensor is done from linear equation 1. The � matrix
in this equation depends only on the sequence, and can be computed from Bloch’s
equations, either formally or numerically [30,31]. Each diffusion-weighted gradi-
ent choice leads to a different � matrix. To get a solvable linear system, at least
six different directions of diffusion-weighted gradients have to be chosen. In the
simplest case with only one gradient strength for each of six directions, the linear
system is made up of six equations and six unknown values to be estimated (the
symetric tensor components). In such situations, the solution is straightforward.

In more realistic situations, however, more acquisitions are performed to improve
the signal to noise ratio and a standard estimation procedure has to be designed. In
the case of the data used in this paper, for instance, five different gradient strengths
were used for each of six directions, leading to 30 equations. This scheme has been
repeated four times leading to 120 equations. Another kind of dataset consists of
using only one gradient strength but a lot of different directions [17]. This choice
allows a minimal influence of the direction choice on the tensor estimation. This in-
fluence, indeed, stems from the fact that the tensor model is usually not sufficient to
perfectly described the actual diffusion process. This remark concerns not only the
problem of fiber crossing [43,28], but also the multi water compartment issue [14].
Future work, indeed, may lead to acknowledge a complex dependence between the
diffusion tensor and the gradient strength. Anyway, when the model to be estimated
is a single tensor, a second model has to be chosen for noise first, then an estimator
can be derived.

While tradition and ease of computation have made the least squares method the
popular approach for the regression analysis yielding the tensor matrix estimation
[5], this method becomes unreliable if some outliers are present in the data. The
noise model underlying the least squares estimator, however, is deeply related to
the Gaussian distribution. Unfortunately, MR artefacts and some weaknesses of
the tensor model lead us to claim that the data do include some outliers relatively
to this distribution. Robust regression methods can be used in such situations [32].
The M-estimators are the more popular robust methods. These estimators minimize
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Fig. 6. Influence of outliers on the number of non positive tensor matrices and on the direc-
tion of highest diffusion.

Fig. 7. Left: raw T2-weighted image. Right: tensor fractional anisotropy [35] without and
with distortion correction and robust regressor. Fractional anisotropy is a ratio which mea-
sures the variability between the diffusion tensor eigenvalues. Without the corrections, the
distortions in the Y directions create a layer of very anisotropic tensors. With the correc-
tion, this layer has almost disappeared and the boundary between grey and white matter
has been largely improved.

the sum of a symmetric, positive-definite function ����� v � of the residuals � v , with a
unique minimum at � v MP? . A residual is defined as the difference between the data
point and the fitted value. For the least squares method ����� v ��MN�9�v . Several other �
functions have been proposed which reduce the influence of large residual values
on the estimated fit. We have chosen one of the most popular ones, the Geman-
McLure estimator ����� v ��M �"��� ��p��� � , where ��M�> QSF OB�-�@ C~l¡�¢ v�£�¤ � v{¤@¥ . This estimator
cancels out the influence of the large residuals located largely beyond � because� is flat outside a centered basin. In contrast, the least squares approach is mainly
driven by these large residuals. The M-estimate of the diffusion tensor is obtained
by converting the minimization into an iterated weighted least squares problem.
The initial guess is the solution of the standard least squares.

In order to compare the behaviour of the two estimators, raw data have been cor-
rupted with various levels of outliers (of course some actual outliers are also present
in these data). For a given experiment, a percentage ¦ of the 124 images is mod-
ified. For such images, an additional error � is added to each voxel. This error is
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sampled from a Gaussian distribution whose mean is the mean intensity inside the
brain, and whose standard deviation is a tenth of the mean. Two measures computed
for the voxels located inside the brain allow us to assess the effect of these outliers.
The first one is the number of non positive estimated tensors, which have no phys-
ical interpretation. Such situations can occur because no positivity constraint is
embedded in the fitting process. The second measure is the mean angular variation
between the direction of highest diffusion according to the tensors estimated with
and without outliers. This direction corresponds to the tensor eigenvector associated
with the largest eigenvalue. The evolution of these measures relatively to the per-
centage of outliers ¦ is proposed in Fig. 6. The superiority of the Geman-McLure
estimator is straightforward.

It should be noted that a simple way of adding a positivity constraint into the ten-
sor estimation would consist in projecting the estimated tensor on the manifold of
positive tensors. Unfortunately, this approach would amount to replacing negative
eigenvalues with zero, which would lead to non definite tensor with no more phys-
ical meaning. In our opinion, the existence of a few non positive tensors may stem
from some weaknesses of the tensor model, which is too simple to account for the
complexity of the diffusion process occurring into a brain voxel. Therefore the fu-
ture of diffusion imaging is in the design of more sophisticated models inferred
for instance from higher sampling of the sensitizing gradient direction [17,42,43].
Whatever the model to be estimated, however, robust approaches will be required
to deal with the bad quality of diffusion-weighted raw data.

4 Conclusion

This paper has presented a robust procedure to estimate the diffusion tensor from
a sequence of diffusion-weighted images. This procedure is made up of a robust
correction of the eddy-current related distortions and of a robust estimation of the
tensor matrix. Further work, however, could still improve this procedure. For in-
stance, the issue of distortion correction in the presence of subject motion remains
completely open, like in the case of functional MRI. Nevertheless, our new proce-
dure already highly improves the quality of the diffusion map which is illustrated
by anisotropy images in Fig. 7. The whole scheme has been applied with success
to more than 100 datasets, including numerous clinical cases.

The basic tenet underlying our procedure is the robustness to outliers that can bias
either cross-correlation based realignment procedures or least squares based ten-
sor estimation. While this tenet is very usual in the field of computer vision, the
field of MR physics is much more used to least squares based approaches that are
bound to fail with poor data. Therefore, we think that the field of diffusion imaging
may become in a near future propitious for rich collaborations between the two re-
search fields. Foreseeable development of MR diffusion imaging will rapidly call
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for re-evaluation of the procedure proposed in this paper. The apparition of ultra-
fast parallel imaging approaches using several coils [4] and high angular resolution
imaging sequences [17,42,43], indeed, will father new postprocessing challenges.
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