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Abstract

Thispaperproposesanalternativeto mathematicalmor-
phologyto analyzecomplexshapes. This approachaims
mainlyat the detectionof shapebottleneckswhich are of-
tenof interestin medicalimagingbecauseof their anatom-
ical meaning.Thedetectionideaconsistsin simulatingthe
steadystateof aninformationtransmissionprocessbetween
two parts of a complexobject in order to highlight bot-
tlenecksas areasof high information¯ow. This informa-
tion transmissionprocessis supposedto havea conserva-
tive ¯ow whichleadsto thewell-knownDirichlet-Neumann
problem. This problemis solvedusing ®nitedifferences,
over-relaxation and a raw to ®neimplementation. The
methodis applied to the detectionof main bottlenecksof
brain whitematternetwork,namelycorpuscallosum,ante-
rior commissure andbrain stem.

1. Intr oduction

�������

Bottlenecksand mathematicalmorphology

Shapebottleneckshavebeenwidely usedin mathemat-
ical morphologyto decomposecomplexobjectsin simpler
parts.Theusualapproachis thefollowing. First, thewhole
objectis erodedin orderto get disconnectionof its differ-
ent partsat the bottlenecklevel (seeFig. 1 and2). Then
partsof interestarereconstructedin orderto recovertheir
originalshapes.In fact,thereconstructionprocessitself can
be performedaccordingto two slightly differentpointsof
view. Whenonly speci®cobjectpartsareof interest,the
connectedcomponentscorrespondingto thesepartsarese-
lectedasseedsusingproblemdedicatedprocedures.Thena
dilationof limited size(usuallythesizeof thepreviousero-
sion)is appliedconditionallyto theinitial object.Thiskind
of approachis usedtodayby a numberof teamsin orderto

segmentthebrainin 3D T1-weightedMR images[14]. For
otherapplications,thereconstructionprocessis appliedun-
til convergence,which meansthat the®nalresultis simply
ageneralizedVoronoÈõdiagramconstructedfor thesetof se-
lectedseeds.Suchanapproachcanbeappliedfor instance
tosegmentbrainwhitematterin fourmainpartscorrespond-
ing to brainandcerebellumhemispheres(seeFig. 1 and3).

With a modernpoint of view, this kind of morphologi-
caldeconnectionschemescouldberelatedto thedecompo-
sition obtainedusingthereaction/diffusionspace[12]. In-
deedmorphologicalerosioncanberelatedto anevolution-
arypartialdifferentialequationcorrespondingto purereac-
tion [3].

Duringthesemorphologicalsegmentationprocesses,few
attentionisgiventoshapebottlenecksfor themselves.How-
ever, in medicalimaging,shapebottleneckshaveoftenan
importantanatomicalmeaningwhich justi®estheir detec-
tion. For instance,the corpuscallosum,which is mor-
phologically the bottleneckwhich links both brain hemi-
spheres,hasbeenintensivelystudiedfor morphometricpur-
pose(male/femaledifferences...) and is a subjectof in-
creasinginterestin imageprocessing[7, 19]. Therefore
usualmorphologicaldeconnectionschemesaresometimes
not suf®cientto analyzecomplexanatomicalshapes.A de-
compositionin partsandbottlenecksis thenrequired.Ex-
tending the morphologicalapproachwith this purposeis
possible. For instancejunction pointsof the VoronoÈõdia-
gramarea ®rstkind of representationof bottlenecksbut it
appearsdif®cultto mastertheir localization.Indeed,thedi-
agramis highly dependentonthechoiceof thediscretedis-
tanceusedto constructit, onthekind of structuringelement
usedfor erosionandon theshapeof thebottleneck.More-
over, junctionpoint setsdo not really representbottlenecks
becausetheydo not sharethe initial objectdimension(3D
objectsgive usually2D junctions).This problemcouldbe
addressedthroughthestudyof a newobjectconstitutedby
the differencebetweenthe initial objectanda morpholog-
ical openingof theinitial object(theresultof a limited re-
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Figure 1. A few slices of a T1 weighted MR
image acquired with a Signa GE 1.5 T. (124
slices, 1mm slice thic kness, 0.9mm pixel size)

Figure 2. 3D renderings of the four seeds ob-
tained from a 7mm erosion of brain white mat-
ter (erosion computed using 3D chamfer dis-
tances taking into account voxel anisotr opy
[13])
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Figure 3. A few slices of a generalized VoronoÈõ
diagram of brain white matter computed for
4 seeds obtained from a 7mm erosion. Ero-
sion and VoronoÈõ diagrams have been com-
puted using anisotr opic chamfer distances
taking into account voxel anisotr opy. Brain
white matter has been simpl y segmented by
thresholding a presegmented brain obtained
by standar d mathematical morphology [14].

constructionof seedsasdescribedin ®rstparagraph).In-
deedthisnewobjectshouldincludebottleneckswhichcould
bedetectedusingtheVoronoÈõdiagramjunctionsmentioned
aboveasseeds.Unfortunatelydif®cultiescouldoccurwith
convolutedobjectsbecausebottleneckscouldbeconnected
to other®nepartsof the initial objectremovedduring the
opening.

����� �

White matter network of the brain

In this paperwe proposea differentapproachto address
shapebottleneckdetection.Thisapproachis inspiredby the
anatomicalnatureof brainwhitematterbottlenecks.White
matterof brain hemispheresis mostlymadeup by associ-
ation andcommissural®berswhich interconnectdifferent
corticalareas[15]. Commissural®bersinterconnectingcor-
tical regionsof bothhemispherescrossmainly in thecorpus
callosumandthe anteriorcommissure(seeFig. 4). Other
commissuresgenerallyinterconnectinternalnuclei. They
areusuallydif®cultto identify becauseof MR imagereso-
lution.

Severalreasonscall for an important developmentof
studiesof brainwhite matternetworkin the future. There
is a relative lack of knowledgeof this network. In the
humanbrain, long associationsystemsaremainly known
from grossdissection. Almost nothing is known on their
inter-individual variability. Nevertheless,experimentallit-
eraturegives a fairly completeaccountof theseconnec-
tions in primate. Information on the ®bertracts should
becomeof crucial importancefor the interpretationof
functional imagesoriginating from positronemissionto-
mography(PET),magneticresonanceimaging(fMRI) and
especiallymagneto-encephalography(MEG) and electro-
encephalography(EEG),becauseof their accuratetempo-
ral resolution(ms). Moreover, theorganizationof callosal
connectionsgivesaninsight into myelo-andcytoarchitec-
ture,whichresultsin adirectdelimitationof functionalareas
[6, 18]. Detectionof longassociation®berscouldalsobeof
fair importancefor neurosurgicalplanningandmorphomet-
ric studies.Lastly, newimagingmethodsallowthedetection
of ®bertractorientation.Indeedmagneticresonancediffu-
siontensorimagingshowstheanisotropicdiffusionof water
in anisotropictissueswhichis relatedto ®bertractdirection
[4].

����� �

Conservative¯ow systems

UsualT1 or T2-weightedMR imagesdo not allow the
®bertracttrackingbutwewill proposeawayof highlighting
somewhitematternetworkbottlenecks.Let usconsiderfor
instanceinformationtransmissionbetweenleft hemisphere
cortexandright hemispherecortex. All informationhasto
crossusingcommissural®bers. Hence,information¯ow



Corpus Callosum Anterior Commissure

Figure 4. Commissural connections of the
teleencephalon as seen from the basal side of
the brain [15].

shouldbe higher in commissuresthan anywhereelse. In
orderto apply this ideawe haveto simulatea steadystate
of informationtransmissionin orderto getanimageof in-
formation¯ow in white matter. This phenomenoncanbe
modelizedusingpartialdifferentialequations,suchamodel
beingclearlya hugesimpli®cationof reality. Sinceinfor-
mationsourcesareonly locatedoutsidewhite matter, the
information transmissionprocesshasa conservativē ow
insidewhite matter. Let ���������	��
�� denotethe information
potential
 locatedat point �����	��
 . Whateverthedomain �

includedin whitematter, thefollowing resultis true:
�	���
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� denotesthenormalorientedtowards
� exterior. Theusualtransformationof Eq.1obtainedfrom
Greenformulagives:
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SinceEq.2is truefor any � wegetthewell-knownLaplace
equation(assumingregularityof � ):
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We useherethe term ªinformation potentialº with a very arbitrary
meaning...

Hencethe detectionof white matterbottlenecksbetween
bothcerebralhemispherescouldbeinferredfrom thesolu-
tionof theLaplaceequationwith appropriateboundarycon-
ditions.In thefollowing weaddressthediscretizationof this
equationfor a domainof arbitraryshapeandtheboundary
conditionchoice.Thenwedescribetheresolutionby a raw
to ®neprocessandover-relaxation.Lastlywepresentsome
experimentswith realdataaimingat thedetectionof corpus
callosum,anteriorcommissureandbrainstem.

2.Discreteformulation of theLaplaceequation

TheLaplaceequationisoneof thefundamentalequations
of physics,mechanicsandappliedmathematics.Indeed,it
is the prototypeof elliptic linear homogeneousequations.
Thereforeits resolutionhasbeenintensivelydealtwith in
literature[8]. Threekindsof problemrely onLaplaceequa-
tionaccordingto boundaryconditions.If � valueis imposed
onthewholedomainboundary, wegetaDirichlet problem.
If �
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�(� valueis imposedon thewholeboundary, wegeta
Neumannproblem.Lastly, let � denotethedomainbound-
ary with �)�*�
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�(� valueis imposedon
�.- , we get a Dirichlet-Neumannproblem. The ideapre-
sentedin introductionwill leadto Dirichlet-Neumannprob-
lems.Indeedthisideaconsistsin thesimulationof informa-
tion transmissionfrom a boundarysubset/10

� towards
anothersubset2�0

� . With this purpose,weset �
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2A� . Existenceandunicity of thesolution
of continuousDirichlet-Neumannproblemsisawell-known
result(with a suf®cientregularityof boundaryconditions).
Wewill nowaddressthediscreteformulationof aDirichlet-
Neumannproblemwith adomainof arbitraryshape.
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Finite differences

Assumingthe regularityof the solution,partial deriva-
tives areclassicallyapproximatedusing®nitedifferences.
Indeedsuchan approachis suf®cientfor our purposeand
muchsimpler than®niteelementswith a domainof arbi-
trary shape.Fromthediscretizationof Laplacianoperator,
we getfor � interior theusualconsistentsecondorderdis-
creteLaplaceequation:
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O correspondto voxel sizes. It should
benotedthat this numericalschemehasto beviewedasa
networkof 6-connectedpointsof which valuesarerelated
by Eq. 5. Indeed,sincewe dealwith domainsof arbitrary
shape,a real discretizationshouldinvolve a discretization
steplargely smallerthanvoxel sizes. In the following, for
the sakeof simplicity, we assume3

C

� 3

M

�)3

O . Then
Eq.5 amountsto thesimplerelation:

���������	��
��

�

B

�

�

�����	��


C
� M�� O��

�E�����.� (5)

where ���I�"�F�G�H�G
I� denotes 6-neighborhood of point
�"�F�G�H�G
I� .
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Dirichlet-Neumann boundary conditions

The discreteversionof Dirichlet boundaryconditionis
straightforward:�

���8/ �E�����
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Thediscreteversionof Neumannboundaryconditionis far
moreproblematic,especiallyfor a domainde®nedby a bi-
naryimage,becausea lot of pointsdonot havea clearnor-
mal partialderivative.Theusualapproachconsistsin sub-
stitutingnormalsecondorderpartialderivativesby tangen-
tial secondorderpartialderivativesusingtheLaplaceequa-
tion [8]. Let � be a boundarypoint, namelya point of
which6-neigborhoodis not includedin � . Let � betheªlo-
cal dimensionºof � at that point, namelythe numberof
grid directionsfor which at leastone6-neighborof � be-
longsto � . Lastly let � (respectively� ) be thesetof di-
rectionswith only one6-neighbor� in � (respectivelytwo
6-neighbors�
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( �ZY is a directionof � , card(� ) denotes� cardinal). Fi-
nally we getthefollowing secondorderdiscreteversionof
Neumanncondition:�
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Successiveover relaxation

TheDirichlet-Neumannproblemreducesnow to a huge
linearsystemthroughEq.5, 6 and7. We solvethis system
usingtheusualiterativeschemecorrespondingtosuccessive
overrelaxation.Theprocessis initializedby
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Thentheiterativeprocesscanbewritten�
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where
h

�

����� is a coef®cientgivenby Eq. 5 or 7 or zero
if � '� � , and

Bkj

g

j

D . Convergenceof this kind
of processfor domainswith simpleshapesis well-known
[8]. Convergencein the caseof domainsde®nedby com-
plexbinaryimagesis questionableevenif in practicewedid
notruninto problems.Indeed,asmentionedabove,ourdis-
cretizationstepseemstoo largeto hopea goodapproxima-
tion of thecontinuouscase.Moreover, convergencespeed
is verydif®cultto assessbecausewith convoluteddomains
largewavelengthoscillationscouldrequirea largenumber
of iterationstodisappear. Neverthelessthislastproblemcan
beforgottenbecausewedonotneedanexactsolutionfor our
purpose.

A 2D illustrationof the resultof successiveover relax-
ation is proposedin Fig. 5. High andlow potentialDirich-
let conditionshavebeenimposedon partsof left andright
hemispherewhite mattersurface( 3%�mlI�����

�

5>�

B

���I� ).
Thesepartshavebeensimply de®nedby a geodesicdis-
tanceto the left most and right most points. Successive
over-relaxationhasbeenappliedwith n

�

B

�

l and1000
iterations. The corpuscallosumis clearly highlightedin
theinformation¯ow image.Theinformationpotentialim-
ageshowsthattheiterativeprocesshasnot fully converged
in somevery ®nebrain convolutions,which hasno con-
sequenceon bottleneckdetection. This imageshowsalso
thatisopotentiallinesareorthogonalto whitemattersurface
whichtendstoshowthatourNeumannboundaryconditions
havebeenrespected.
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potentielde®nitionandinformation¯ow

informationpotential

Figure 5. 2D illustration of the bottlenec k
detection method. High and low potential
Dirichlet conditions have been ®xed on par ts
of left and right hemisphere white matter sur -
face . The corpus callosum is clearl y high-
lighted in the inf ormation ¯o w image .
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Diffusive process

In orderto interpretour iterativeprocessindependently
of the continuousproblem,anotherpoint of view related
to diffusionon a regularnetworkseemspreferable.In fact
iterativeprocess(9) turnsout to almostcorrespondto the
well-known integrationschemeof the diffusion equation
[17, 11, 3]. IndeedEq.9 canbewritten
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where �

�(��� ��� would bea conductioncoef®cient. In fact
somedifferencesremainfor ªcornerpointsº,namelypoints
with cardinal(� ) ;
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This observationled us to questionour discretizationof
Neumannboundarycondition.Thereforewetriedaslightly
differentschemewhich could be interpretedas ªgeodesic
isotropicdiffusionº:
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Up to now, we haveobservedno signi®cativedifferences
betweentheresultsof schemes9 and12, but furtherwork
hasto be doneon this subject. It shouldbe notedthat an
importantdifferenceremainswith standarddiffusion. In-
deedthanksto boundaryconditionsandsincewe areonly
interestedin thesteadystate,wecanusealargerintegration
constant�
	 thanusualboundsfor stability [11]. Station-
ary boundaryconditionsdrive thenthe evolutionarydiffu-
siveprocesstowarda steadystate.

3. Applications

We will now proposea few applicationsof ideasdevel-
oppedabovefor the detectionof main white matternet-
work bottlenecks.In all cases,thedomaincorrespondingto
whitematterhasbeende®nedby thresholdingapresegmen-
tationof thebrainin a T1-weightedMR imageusingstan-
dardmathematicalmorphology[14].



Corpus Callosum Ant. commi.

Figure 6. Anterior commissure in atlas of
Nieuwenhuys [15] and in real MR slice

� �����

Raw to ®neresolution

In orderto get reasonablecomputationtimes,the itera-
tive processde®nedabovehasbeenimplementedusinga
rawto ®neapproach.Indeed,theoverrelaxationschemere-
quiresabout1000iterationsbeforereasonableconvergence
with highly convolutedobjects,whichcostsmorethanone
hour of computationon a conventionalworkstationfor a
3D binaryobjectincluding severalmillion points. Hence,
mostiterationsareperformedat highestlevelsof a resolu-
tion pyramidwhichallowsusto obtainconvergencein less
than10mnonconventionalSunSparcstations.It shouldbe
notedthat the iterativeprocesscouldbe implementedeas-
ily on massivelyparallelarchitectures,like usualdiffusive
schemes.The resolutionpyramidis computedclassically.
Resolutionof the3D binaryimageis reducedlevelby level
(by afactor2) usingmedian®lteringwhichpreservesasfar
aspossibleinitial shape.All experimentspresentedfurther
havebeenobtainedusinga 4 level resolutionpyramid.The
numberof iterationsperformedateachlevel,from thelow-
estresolutionto the ®nest,are1000,800, 200, 100 (these
choiceshavebeen®xedempirically, aseriousstudyof these
parameterin¯uence is far beyondthe scopeof the paper).
Thehighestlevelis initializedaccordingtoEq.6. Otherlev-
elsareinitializedby theresultof respectivepreviouslevel.

� ��� �

Corpus callosumand anterior commissures

The ®rstexperimentaimedat the detectionof the cor-
puscallosumandtheanteriorcommissure,which is anim-
portantlandmarkin the®eldof functionalimaging,because
it allowstransformationtowardsthewidely usedTalairach
referential[9, 10, 20]. Fig. 4, 6 and 7 give a good idea
of the anatomicalnatureof the two structuresof interest.
Thesestructuresinterconnectbothcorticalhemispheres.An
automaticapproachhasbeenrecentlyproposedin orderto

Corpus Callosum

Figure 7. Corpus callosum in atlas of
Nieuwenhuys [15] and in real MR slice

detectintersectionbetweenanteriorcommissureandinter-
hemisphericplaneusing2D sceneanalysis[2].

Two differentboundaryconditionshavebeentried for
this experiment.The ®rstoneconsistsin the de®nitionof
two sub-partsof hemisphericwhitemattersurfacesusinga
threshold(60gridbonds)onageodesicdistanceto left most
andright mostpoints(seeFig. 5). Thesecondoneconsists
in usingseedsof bothhemispheresobtainedby erosion(cf.
introductionandFig. 2). Thissecondapproachis lesssatis-
fying becauseit doesnot correspondanymoreto thesim-
ulation of information transmissionbetweenboth cortical
hemispheres.Nevertheless,it is interestingbecauseof its
genericaspect.Indeed,suchanapproachcanbecombined
with theusualmorphologicalapproachesin anycasewhere
bottleneckdetectionis of interest.Forbothboundarycondi-
tion choices,high andlow potentialvalueshavebeen®xed
to 5000and-5000.

Fig. 8 and 9 proposea glimpse of the result for the
®rstchoice. The anteriorcommissureandthe corpuscal-
losumareclearly highlightedin information¯ow images.
A third domainof high ¯ow is locatedin the brain stem.
Thisdomainincludesposteriorcommissureandother®bers
whichactuallyinter-connectthetele-encephale(brainhemi-
spheres)and the cerebellum. Thesethreemain areascan
besortedaccordingto meanvalue,highestvalueandvol-
umeaftersegmentationby hysteresisthresholding.Another
way of usingthis resultcouldstemmedfrom the intersec-
tion with inter-hemisphericplanewhichcanbedetectedin-
dependently[2, 5] (this could turn out to be a betterap-
proachfor morphometricstudies[7] becausethe 3D vol-
umeof commissuresis dependentonthechosenthreshold).
Lastlysmallareasof high¯ow canbeobservednearDirich-
let boundaryconditions.Theseareascouldberemovedby
postprocessingaccordingto their highestvaluesand dis-
tanceto boundary. Fig. 10 proposesthe resultfor thesec-
ond choice,which presentslessparasitichigh ¯ow areas



Figure 8. Three or thogonal slices of raw data

nearboundaries.This could stemfrom the fact that seed
boundariesare lessconvolutedthan white mattersurface.
Lastly, Fig. 11 proposesa 3D renderingof the corpuscal-
losumdetectedasthe largestconnectedcomponentover a
high thresholdin the®rstchoiceinformation¯ow image.

� ��� �

Brain stem

Another experimenthas beendone in order to detect
brainstemasbottleneckbetweenteleencephalonandcere-
bellum. Low andhigh potentialDirichlet boundarycondi-
tions havebeensimply appliedrespectivelyto the 20 top
mostandthe20 bottommostslices.Fig. 12showsthatthe
situationis morecomplexthanfor corpuscallosumbecause
of thepresenceof aªbulbº calledponsin themiddleof brain
stem.

4. Conclusion

In this paperwe havepresentedan alternativeto math-
ematicalmorphologyto analyzecomplexshapes.This ap-
proachaims mainly at the detectionof shapebottlenecks
which areoften of interestin medicalimagingbecauseof
their anatomicalmeaning. The detectionidea consistsin
simulatingthe steadystateof an informationtransmission
processbetweentwo partsof a complexobject in order
to highlight bottlenecksasareasof high information¯ow.
Thisinformationtransmissionprocessis supposedto havea
conservativēow whichleadsto thewell-knownDirichlet-
Neumannproblem. Hence,a new applicationof partial
differentialequations(PDE) to imageprocessinghasbeen
found. Like someotherapplicationsof PDE to this ®eld,
theideaconsistsin de®ningaproblemwhichsteadystateis

informationpotential

information¯ow

Figure 9. Detection of corpus callosum and
anterior commissure: High and low poten-
tial Dirichlet boundary conditions have been
®xed on par ts of the left and right hemi-
sphere white matter surfaces. Three or thog-
onal slices of inf ormation potential and inf or-
mation ¯o w during the steady state are dis-
played. The anterior commissure and the cor -
pus callosum are clearl y highlighted in inf or-
mation ¯o w images.



information¯ow

Figure 10. Same results as in Fig.9 with dif-
ferent boundary conditions. High and low
potential Dirichlet boundary condition have
been ®xed on both seeds of brain hemi-
spheres given by an initial erosion of 7mm
(cf. Fig. 3). This result presents less parasitic
high ¯o w areas.

Figure 11. 3D rendering of corpus callosum
detected as the largest connected compo-
nent over a high threshold in the inf ormation
¯o w image . The rendering relies on an ini-
tial triangulation accor ding to the method de-
scribed in [1]

rawdata

information¯ow

Figure 12. Detection of brain stem as bot-
tlenec k between teleencephalon and cerebel-
lum (3 or thogonal slices). Low and high
potential Dirichlet boundary conditions have
been simpl y applied respectivel y to the 20 top
most and the 20 bottom most slices. The re-
sult shows that the situation is more comple x
than for corpus callosum because of the pres-
ence of a ªb ulbº (namely the pons) in the mid-
dle of brain stem.



of interestfor thesegmentationpurpose.A similar ideahas
beenproposedfor instancein thecaseof anisotropicdiffu-
sionthroughtheadditionof a termexpressingthedeviation
betweenoriginaland®lteredimageto thediffusionscheme
[16]. Applicationshavebeenproposeddedicatedto thede-
tectionof brainwhite matternetworkbottlenecks.There-
sult arepromisingbut furtherwork hasto bedonein order
to studyrobustnessof themethod.
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