ShapeBottlenecksand ConservativeFlow Systems
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Abstract

Thispaperproposesnalternativeto mathematicamor-
phologyto analyzecomplexshapes. This approachaims
mainly at the detectionof shapebottlenecksvhich are of-
tenof interestin medicalimagingbecausef their anatom-
ical meaning.Thedetectionideaconsistdn simulatingthe
steadystateof aninformationtransmissiorprocesdetween
two parts of a complexobjectin order to highlight bot-
tlenecksas areasof high information ow. Thisinforma-
tion transmissiorprocessis supposedo havea conserva-
tive ow whichleadsto thewell-knownDirichlet-Neumann
problem. This problemis solvedusing ®nitedifferences,
overrelaxation and a raw to ®neimplementation. The
methodis appliedto the detectionof main bottleneckof
brain white matternetwork,namelycorpuscallosum ante-
rior commissur andbrain stem.

1. Intr oduction
Bottlenecksand mathematicalmorphology

Shapebottleneck$havebeenwidely usedin mathemat-
ical morphologyto decomposeomplexobjectsin simpler
parts.Theusualapproachs thefollowing. First,thewhole
objectis erodedin orderto getdisconnectiorof its differ-
ent partsat the bottlenecklevel (seeFig. 1 and2). Then
partsof interestarereconstructednh orderto recovertheir
originalshapesin fact, thereconstructioprocesstself can
be performedaccordingto two slightly differentpoints of
view. Whenonly speci®mbjectpartsare of interest,the
connectedcomponentgorrespondingo thesepartsarese-
lectedasseedsusingproblemdedicategroceduresThena
dilationof limited size(usuallythe sizeof the previousero-
sion)is appliedconditionallyto theinitial object. Thiskind
of approachs usedtodayby a numberof teamsin orderto
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segmenthebrainin 3D T1-weightedVIR imageq14]. For
otherapplicationsthereconstructionprocesss appliedun-
til convegencewhich meanghatthe ®nalresultis simply
ageneralized/oronddiagramconstructedor thesetof se-
lectedseeds.Suchanapproactcanbe appliedfor instance
to segmenbrainwhite matterin four mainpartscorrespond-
ing to brainandcerebellumhemispheretseeFig. 1 and3).
With a modernpoint of view, this kind of morphologi-
caldeconnectioschemesouldberelatedto thedecompo-
sition obtainedusingthe reaction/difusionspace12]. In-
deedmorphologicakrosioncanbe relatedto an evolution-
ary partialdifferentialequationcorrespondingo purereac-
tion [3].
Duringthesemorphologicakegmentatioprocessesew
attentionis givento shapéottlenecks$or themselvesHow-
ever in medicalimaging, shapebottleneckshaveoftenan
importantanatomicalmeaningwhich justi®estheir detec-
tion. For instance,the corpus callosum,which is mor
phologically the bottleneckwhich links both brain hemi-
sphereshasbeernintensivelystudiedfor morphometrigur-
pose(male/femaledifferences...) and is a subjectof in-
creasinginterestin image processing7, 19]. Therefore
usualmorphologicaldeconnectiorschemesre sometimes
not suf®cientto analyzecomplexanatomicakhapesA de-
compositionin partsandbottleneckds thenrequired. Ex-
tendingthe morphologicalapproachwith this purposeis
possible. For instancgunction pointsof the Vorondadia-
gramarea ®rstkind of representationf bottleneckdut it
appearslif®cultto mastettheirlocalization.Indeed thedi-
agramis highly dependentnthechoiceof thediscretedis-
tanceusedo construcit, onthekind of structuringelement
usedfor erosionandon the shapeof the bottleneck.More-
over, junctionpoint setsdo notreally represenbottlenecks
becausehey do not sharetheinitial objectdimension(3D
objectsgive usually 2D junctions). This problemcould be
addressethroughthe studyof a new objectconstitutedoy
the differencebetweentheinitial objectanda morpholog-
ical openingof theinitial object(the resultof alimited re-
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Figure 1. A few slices of a T1 weighted MR
image acquired with a Signa GE 1.5 T. (124
slices, 1mm slice thic kness, 0.9mm pixel size)

Figure 2. 3D renderings of the four seeds ob-
tained from a 7mm erosion of brain white mat-
ter (erosion computed using 3D chamfer dis-
tances taking into account voxel anisotr opy
[13])
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Figure 3. A few slices of a generalized Vorono&
diagram of brain white matter computed for
4 seeds obtained from a 7mm erosion. Ero-
sion and VoronoBdiagrams have been com-
puted using anisotr opic chamfer distances
taking into account voxel anisotr opy. Brain
white matter has been simply segmented by
thresholding a presegmented brain obtained
by standar d mathematical morphology [14].

constructionof seedsasdescribedn ®rstparagraph).in-
deeahisnewobjectshouldincludebottlenecksvhichcould
be detectedisingthe Voronddiagramjunctionsmentioned
aboveasseedsUnfortunatelydif®cultiescould occurwith
convolutedobjectshecauséottlenecksouldbe connected
to other®nepartsof the initial objectremovedduringthe
opening.

White matter network of the brain

In this paperwe proposea differentapproacto address
shapébottlenecldetection.Thisapproachs inspiredby the
anatomicahatureof brainwhite matterbottlenecks White
matterof brain hemispheregs mostly madeup by associ-
ation and commissura®berswhich interconnectdifferent
corticalareag15]. Commissura®bersnterconnectingor-
tical regionsof bothhemispheresrossmainlyin thecorpus
callosumandthe anteriorcommissurgseeFig. 4). Other
commissuregienerallyinterconnecinternalnuclei. They
areusuallydif®cultto identify becausef MR imagereso-
lution.

Severalreasonscall for an importantdevelopmeniof
studiesof brainwhite matternetworkin the future. There
is a relative lack of knowledgeof this network. In the
humanbrain, long associatiorsystemsare mainly known
from grossdissection. Almost nothingis known on their
inter-individual variability. Neverthelessexperimentalit-
eraturegives a fairly completeaccountof theseconnec-
tions in primate. Information on the ®bertracts should
becomeof crucial importancefor the interpretationof
functional imagesoriginating from positron emissionto-
mography(PET),magneticesonancémaging(fMRI) and
especiallymagneto-encephalograpiiylEG) and electro-
encephalograph{EEG), becauseof their accuratetempo-
ral resolution(ms). Moreover the organizationof callosal
connectiongjivesaninsightinto myelo-andcytoarchitec-
ture,whichresultsn adirectdelimitationof functionalareas
[6, 18]. Detectionof longassociatio®bersouldalsobeof
fair importancdor neurosugical planningandmorphomet-
ric studies Lastly, newimagingmethodsllowthedetection
of ®bertractorientation.Indeedmagnetiaesonanceliffu-
siontensoiimagingshowsheanisotropidiffusionof water
in anisotropidissuesvhichis relatedto ®bertractdirection
[4].

Conservative ow systems

UsualT1 or T2-weightedMR imagesdo not allow the
®bettracttrackingbutwewill proposeaway of highlighting
somewhite matteretworkbottlenecksLet usconsiderfor
instancanformationtransmissiorbetweerleft hemisphere
cortexandright hemisphereortex. All informationhasto
crossusing commissuraf®bers. Hence,information ow



Corpus Callosum Anterior Commissure

Figure 4. Commissural connections of the
teleencephalon as seen from the basal side of
the brain [15].

shouldbe higherin commissureshan anywhereelse. In
orderto applythis ideawe haveto simulatea steadystate
of informationtransmissionn orderto getanimageof in-
formation ow in white matter This phenomenorcanbe
modelizedusingpartialdifferentialequationssuchamodel
being clearly a hugesimpli®catiorof reality. Sinceinfor-
mation sourcesare only locatedoutsidewhite mattey the
information transmissiorprocesshas a conservative ow
inside white matter Let denotethe information
potential locatedat point . Whateverthedomain
includedin white matter thefollowing resultis true:

grad 1)

where and denoteghenormalorientedtowards
exterior Theusualtransformatiorof Eq.1obtainedrom
Greenformulagives:

div grad (2)

SinceEq.2is truefor any wegetthewell-knownLaplace
equation(assumingegularityof ):

3)

We use herethe term 2information potential®with a very arbitrary
meaning...

Hencethe detectionof white matterbottlenecksbetween
both cerebrahemispheresould be inferredfrom the solu-

tion of the Laplaceequatiorwith appropriatéooundarycon-

ditions. In thefollowing we addresshediscretizatiorof this

equationfor a domainof arbitraryshapeandthe boundary
conditionchoice.Thenwe describeheresolutionby araw

to ®neprocesandoverrelaxation.Lastly we presensome
experimentsvith realdataaimingat thedetectiorof corpus
callosum anteriorcommissureandbrainstem.

2.Discreteformulation of the Laplaceequation

ThelLaplaceequatioris oneof thefundamenta¢quations
of physics,mechanicandappliedmathematicsindeed,it
is the prototypeof elliptic linear homogeneougquations.
Thereforeits resolutionhasbeenintensivelydealtwith in
literature[8]. Threekindsof problemrely onLaplaceequa-
tionaccordingo boundaryconditions.If valueisimposed
onthewholedomainboundarywe geta Dirichlet problem.
If valueis imposedon thewholeboundarywe geta
Neumanrproblem.Lastly, let denotethe domainbound-
ary with (subsetsvith non null areas). If

valueis imposedon  and valueis imposedon

, we geta Dirichlet-Neumanrproblem. The ideapre-
sentedn introductionwill leadto Dirichlet-Neumanrprob-
lems.Indeedhisideaconsistsn thesimulationof informa-

tion transmissiorfrom a boundarysubset towards
anothersubset . With this purposewe set on
, on ,and on ,Where and
areconstantalueswith . Hence and

. Existenceandunicity of the solution
of continuouDirichlet-Neumaniproblemds awell-known
result(with a suf®cientregularityof boundaryconditions).
Wewill nowaddresshediscretdormulationof aDirichlet-
Neumanrproblemwith adomainof arbitraryshape.

Finite differences

Assumingthe regularity of the solution, partial deriva-
tives are classicallyapproximatediusing ®nitedifferences.
Indeedsuchan approachs suf®cientfor our purposeand
much simplerthan ®niteelementswith a domainof arbi-
trary shape.Fromthe discretizatiorof Laplacianoperatoy
we getfor interior the usualconsistensecondorderdis-
creteLaplaceequation:

— (4)



where correspondo voxel sizes. It should
be notedthatthis numericalschemehasto be viewedasa
networkof 6-connectegboints of which valuesarerelated
by Eqg.5. Indeed,sincewe dealwith domainsof arbitrary
shapea real discretizationshouldinvolve a discretization
steplargely smallerthanvoxel sizes. In the following, for

the sakeof simplicity, we assume . Then
Eq.5 amountdo thesimplerelation:

- (5)

where denotes 6-neighborhood of point

Dirichlet-Neumann boundary conditions

The discreteversionof Dirichlet boundaryconditionis
straightforward:

(6)

Thediscreteversionof Neumanrboundaryconditionis far
moreproblematic especiallyfor a domainde®nedy a bi-
naryimage,becausea lot of pointsdo nothavea clearnor-
mal partial derivative. The usualapproactconsistan sub-
stitutingnormalsecondrderpartialderivativeshy tangen-
tial secondrderpartialderivativeausingthe Laplaceequa-
tion [8]. Let  be a boundarypoint, namelya point of
which 6-neigborhoods notincludedin . Let bethe?lo-
cal dimension®f  at that point, namelythe numberof
grid directionsfor which at leastone 6-neighborof  be-
longsto . Lastlylet (respectively ) bethesetof di-
rectionswith only one6-neighbor in (respectivelytwo
6-neighbors ). A solutionto dealwith dif®cultsit-
uationswherecardinal( ) consistsn imposinga null
®rstpartial derivativein eachdirectionof  (simplecases
wherecardinal( ) arenaturallyprocessed) Thenfor

anypoint  we canwrite
where isthedirectionof . Summingover we get
card — —
Laplace card — —_—
card

because

( isadirectionof ,card( ) denotes cardinal). Fi-
nally we getthefollowing secondrderdiscreteversionof
Neumanrcondition:

- — (7)

Successivever relaxation

The Dirichlet-Neumanrproblemreducesiow to a huge
linearsystemthroughEq.5, 6 and7. We solvethis system
usingtheusualiterativeschemeorrespondingp successive
overrelaxation.The processs initialized by

— 8
Thentheiterativeprocessanbewritten

(9)

where is a coef®cientgivenby Eq. 5 or 7 or zero
if , and . Convepgenceof this kind

of processor domainswith simple shapesds well-known

[8]. Convegencein the caseof domainsde®nedy com-
plexbinaryimagess questionablevenif in practicewedid

notruninto problems.Indeedasmentionedabove purdis-

cretizationstepseemsoo largeto hopea goodapproxima-
tion of the continuouscase.Moreover convegencespeed
is very dif®cultto assesdecausevith convoluteddomains
large wavelengthoscillationscould requirea large number
of iterationsto disappearNeverthelesthislastproblemcan
beforgotterbecausavedonotneedanexactsolutionfor our

purpose.

A 2D illustration of the resultof successiveverrelax-
ationis proposedn Fig. 5. High andlow potentialDirich-
let conditionshavebeenimposedon partsof left andright
hemispheravhite mattersurface( ).
Thesepartshavebeensimply de®nedoy a geodesiais-
tanceto the left mostand right most points. Successive
overrelaxationhasbeenappliedwith and 1000
iterations. The corpuscallosumis clearly highlightedin
theinformation ow image. The informationpotentialim-
ageshowsthattheiterativeprocessasnotfully conveged
in somevery ®nebrain convolutions,which hasno con-
sequencen bottleneckdetection. This imageshowsalso
thatisopotentialinesareorthogonato white mattersurface
whichtendsto showthatourNeumanrboundaryconditions
havebeenrespected.
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Figure 5. 2D illustration of the bottlenec k
detection method. High and low potential
Dirichlet conditions have been ®xed on parts
of left and right hemisphere white matter sur-
face. The corpus callosum is clearly high-
lighted in the information "o w image.

Diffusive process

In orderto interpretour iterative processndependently
of the continuousproblem, anotherpoint of view related
to diffusionon a regularnetworkseemsreferable.In fact
iterative process9) turnsout to almostcorrespondo the
well-known integrationschemeof the diffusion equation
[17, 11, 3]. IndeedEq. 9 canbewritten

(10)

(in all cases ). Hencesimilarity
with diffusiveprocessess straightforward:

(1)

where would be a conductioncoefdcient. In fact

somedifferencesemainfor 2cornerpoints®, namelypoints
with cardinal( ) , Wheresome .

This observationled us to questionour discretizationof

Neumanrboundarycondition. Thereforevetriedaslightly

differentschemewhich could be interpretedas 2geodesic
isotropicdiffusion®:

- (12)

Up to now, we haveobservedo signi®cativedifferences
betweenthe resultsof scheme® and12, but further work
hasto be doneon this subject. It shouldbe notedthatan
importantdifferenceremainswith standardiffusion. In-
deedthanksto boundaryconditionsandsincewe areonly
interestedn thesteadystate we canusealargerintegration
constant  thanusualboundsfor stability [11]. Station-
ary boundaryconditionsdrive thenthe evolutionarydiffu-
siveprocessowarda steadystate.

3. Applications

We will now proposea few applicationsof ideasdevel-
oppedabovefor the detectionof main white matternet-
work bottlenecksIn all casesthedomaincorrespondingo
white matterhasbeende®nedby thresholdinga presegmen-
tationof the brainin a T1-weightedMR imageusingstan-
dardmathematicamorphology{14].



Corpus Callosum Ant. commi.

Figure 6. Anterior commissure in atlas of
Nieuwenhuys [15] and in real MR slice

Raw to ®neresolution

In orderto getreasonableomputatiortimes, the itera-
tive processde®nedabovehasbeenimplementedusinga
rawto ®neapproachlndeedtheoverrelaxationschemee-
quiresabout1000iterationsbeforereasonableonvegence
with highly convolutedobjects,which costsmorethanone
hour of computationon a conventionalworkstationfor a
3D binary objectincluding severalmillion points. Hence,
mostiterationsare performedat highestlevelsof a resolu-
tion pyramidwhich allowsusto obtainconvegencein less
than10mnon conventionaBunSparcstations.It shouldbe
notedthatthe iterative processcould be implementedeas-
ily on massivelyparallelarchitectureslike usualdiffusive
schemes.The resolutionpyramidis computedclassically
Resolutiorof the 3D binaryimageis reducedevel by level
(by afactor2) usingmedian®Iteringwhich preservegsfar
aspossiblenitial shape All experimentpresentedurther
havebeenobtainedusinga 4 levelresolutionpyramid. The
numberof iterationsperformedat eachlevel, from the low-
estresolutionto the ®nestare 1000,800, 200, 100 (these
choiceshavebeen®xedempirically aseriousstudyof these
parametein uenceis far beyondthe scopeof the paper).
Thehighestevelisinitializedaccordingo Eq.6. Otherlev-
elsareinitialized by theresultof respectivepreviousevel.

Corpus callosumand anterior commissures

The ®rstexperimentaimedat the detectionof the cor
puscallosumandtheanteriorcommissurewhichis anim-
portaniandmarkin the®eldof functionalimaging,because
it allowstransformatiortowardsthe widely usedTalairach
referential[9, 10, 20]. Fig. 4, 6 and 7 give a goodidea
of the anatomicahatureof the two structuresof interest.
Thesestructuresnterconnecbothcorticalhemispheresin
automaticapproacthasbeenrecentlyproposedn orderto

Corpus Callosum

Figure 7. Corpus callosum in atlas of
Nieuwenhuys [15] and in real MR slice

detectintersectiorbetweeranteriorcommissureandinter-
hemispheriplaneusing2D sceneanalysig2].

Two differentboundaryconditionshave beentried for
this experiment. The ®rstone consistan the de®nitionof
two sub-partof hemispheriavhite mattersurfaceaisinga
threshold60grid bonds)onageodesidistancedo left most
andright mostpoints(seeFig. 5). The secondneconsists
in usingseedf bothhemispheresbtainedby erosion(cf.
introductionandFig. 2). Thissecondapproachs lesssatis-
fying becauseét doesnot correspondany moreto the sim-
ulation of information transmissiorbetweenboth cortical
hemispheresNeverthelessit is interestingbecausef its
genericaspect.Indeed,suchanapproackcanbe combined
with theusualmorphologicabpproaches anycasewvhere
bottlenecldetectioris of interest.Forbothboundarycondi-
tion choiceshigh andlow potentialvalueshavebeen®xed
to 5000and-5000.

Fig. 8 and 9 proposea glimpse of the result for the
®rstchoice. The anteriorcommissureandthe corpuscal-
losum are clearly highlightedin information ow images.
A third domainof high ow is locatedin the brain stem.
Thisdomainincludesposteriocommissurandother®bers
whichactuallyinter-connecthetele-encephal@rainhemi-
spherespndthe cerebellum. Thesethree main areascan
be sortedaccordingto meanvalue, highestvalueandvol-
umeaftersegmentatioby hysteresishresholding Another
way of usingthis resultcould stemmedrom theintersec-
tion with inter-hemispheriplanewhich canbe detectedn-
dependenthf2, 5] (this could turn out to be a betterap-
proachfor morphometricstudies[7] becausehe 3D vol-
umeof commissuress dependenvnthechoserthreshold).
Lastlysmallareaf high”ow canbeobservediearDirich-
let boundaryconditions. Theseareascould be removedby
postprocessingccordingto their highestvaluesand dis-
tanceto boundary Fig. 10 proposeshe resultfor the sec-
ond choice, which presentdess parasitichigh ow areas



Figure 8. Three orthogonal slices of raw data

nearboundaries. This could stemfrom the fact that seed
boundariesare lessconvolutedthan white mattersurface.
Lastly, Fig. 11 proposes 3D renderingof the corpuscal-
losumdetectedasthe largestconnecteccomponenbver a
highthresholdn the®rstchoiceinformation ow image.

Brain stem

Another experimenthas beendonein orderto detect
brainstemasbottleneckbetweeneleencephaloandcere-
bellum. Low and high potentialDirichlet boundarycondi-
tions have beensimply appliedrespectivelyto the 20 top
mostandthe 20 bottommostslices. Fig. 12 showsthatthe
situationis morecomplexthanfor corpuscallosumbecause
of thepresencef a@bulb® calledponsin themiddleof brain
stem.

4. Conclusion

In this paperwe havepresentedn alternativeto math-
ematicalmorphologyto analyzecomplexshapes.This ap-
proachaims mainly at the detectionof shapebottlenecks
which are often of interestin medicalimagingbecauseof
their anatomicalmeaning. The detectionidea consistsin
simulatingthe steadystateof aninformationtransmission
processhetweentwo partsof a complexobjectin order
to highlight bottlenecksas areasof high information ow.
Thisinformationtransmissiomprocesss supposedo havea
conservativeow whichleadsto thewell-knownDirichlet-
Neumannproblem. Hence,a new applicationof partial
differentialequationgPDE) to imageprocessindhasbeen
found. Like someotherapplicationsof PDE to this ®eld,
theideaconsistsn de®ninga problemwhich steadystateis

informationpotential

information ow

Figure 9. Detection of corpus callosum and
anterior commissure: High and low poten-
tial Dirichlet boundary conditions have been
®xed on parts of the left and right hemi-
sphere white matter surfaces. Three orthog-
onal slices of information potential and infor-
mation o w during the steady state are dis-
played. The anterior commissure and the cor-
pus callosum are clearly highlighted in infor-
mation o0 w images.



information ow

Figure 10. Same results as in Fig.9 with dif-
ferent boundary conditions. High and low
potential Dirichlet boundary condition have
been ®xed on both seeds of brain hemi-
spheres given by an initial erosion of 7mm
(cf. Fig. 3). This result presents less parasitic
high "o w areas.

Figure 11. 3D rendering of corpus callosum
detected as the largest connected compo-
nent over a high threshold in the information
"ow image. The rendering relies on an ini-
tial triangulation according to the method de-
scribed in [1]

raw data

information ow

Figure 12. Detection of brain stem as bot-
tlenec k between teleencephalon and cerebel-
lum (3 orthogonal slices). Low and high
potential Dirichlet boundary conditions have
been simpl y applied respectivel y to the 20 top
most and the 20 bottom most slices. The re-
sult shows that the situation is more comple x
than for corpus callosum because of the pres-
ence of a2bulb® (namely the pons) in the mid-
dle of brain stem.



of interestfor the segmentatiopurpose A similarideahas
beenproposedor instancean the caseof anisotropiaiffu-

sionthroughtheadditionof atermexpressinghe deviation
betweeroriginal and®Ilteredmageto thediffusionscheme

[16].

Applicationshavebeenproposedledicatedo thede-

tectionof brainwhite matternetworkbottlenecks.There-
sultarepromisingbut furtherwork hasto be donein order
to studyrobustnessf themethod.
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